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Quantum steering describes the ability of one observer to nonlocally affect the other observer’s state through
local measurements, which represents a new form of quantum nonlocal correlation and has potential applications
in quantum information and quantum communication. In this paper, we propose a computable steering criterion
that is applicable to bipartite quantum systems of arbitrary dimensions. The criterion can be used to verify a
wide range of steerable states directly from a given density matrix without constructing measurement settings.
Compared with the existing steering criteria, it is readily computable and testable in experiment, which can also
be used to verify entanglement as all steerable quantum states are entangled.
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I. INTRODUCTION
It is well known that measurement performed on one part
of an entangled quantum state can influence the outcome of
the other part without access to it. Such “spooky action at
a distance” was first noted by Einstein, Podolsky and Rosen
in 1935, which aimed to argue the completeness of quantum
mechanics [1]. Later Schro¨dinger introduced the concept of
steering in response to the EPR paradox [2]. In 2007, Wise-
man et al. formalized steering in terms of the incompatibility
of quantum mechanical predictions with a classical-quantum
model [3]. Furthermore, the witnessing of quantum steer-
ing implies the certification of quantum entanglement with-
out any assumption on one of the parties, i.e., in a one-sided
device-independent manner. Steerable states were shown to
be advantageous for tasks involving secure quantum telepor-
tation [4, 5], quantum secret sharing [6, 7], one-sided device-
independent quantum key distribution [8] and channel dis-
crimination [9]. Because of these, the study of quantum steer-
ing has provided new insights to understand quantum theory
and consequently has attracted increasing interests recently.
Quantum steering is one form of quantum correlations in-
termediate between quantum entanglement [10] and Bell non-
locality [11]. In the view of quantum information task, quan-
tum steering can be exploited as a resource for quantum com-
munication with one untrusted party, while entangled states
need that both parties trust each other and Bell nonlocality is
presented on the premise that they distrust each other [12, 13].
From the view of geometry, quantum states that demonstrate
Bell nonlocality lie in a subset of quantum steerable states,
while steerable states lie in a subset of entanglement states
[3, 14]. One distinct feature of quantum steering which differs
from entanglement and Bell nonlocality is asymmetry. That
is, there exists the case when Alice can steer Bob’s state but
Bob cannot steer Alice’s state, which is referred to as one-
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way steerable and has been demonstrated in theory [15] and
experiment [16, 17].
Determining whether a quantum state is steerable or not has
been one of the fundamental problems in the area of quan-
tum information. Steering inequalities, which are analogous
to Bell inequalities, have been proposed to rule out the local
hidden variable (LHV)-local hidden state (LHS) models and
verify steering [3]. Recently, a lot of steering inequalities have
been derived in discrete and continuous variable systems, such
as linear steering inequalities [18–21], local uncertainty rela-
tions steering inequalities [22], covariance matrices steering
inequalities [23], and entropic steering inequalities [24], etc.
Although these steering inequalities work well for a number
of quantum states, most of which requires the construction
of measurement settings or correlation weights in practice,
which increases the complexities of the verification inevitably.
It would be desirable to have useful criteria that allow us to
verify the quantum steering directly from a given density ma-
trix.
In this paper, we propose a computable steering criterion
that is applicable to bipartite quantum systems of arbitrary di-
mensions. The criterion verifies steering directly from a given
density matrix by comparing the values of the purity of the
composite system and its subsystem. The purity represents a
nonlinear property of a quantum state and can be measured by
projecting two copies of the quantum state on symmetric or
antisymmetric subspaces [25], so our criterion can be tested
directly in experiment. Compared with the existing steering
criteria [19–24], ours is more universal as there is no need
for us to construct appropriate measurement settings, or select
the optimal correlation weights for different types of quan-
tum states. Moreover, our criterion works well for arbitrary-
dimensional quantum systems.
II. STEERING CRITERIA FOR BIPARTITE QUANTUM
SYSTEMS
Let us first briefly review the steering scenario as introduced
by Wiseman et al [3, 12]. Consider two separated parties, Al-
2ice and Bob, sharing an entangled quantum state with density
matrixW . Alice’s task is to convince Bob that the state they
shared is entangled. Bob trusts his own apparatus and quan-
tum mechanics, but he does not trust Alice’s apparatus, and
thus asks her to remotely steer his state by performing local
measurements and announce its results through classical com-
munication. The task can be fulfilled if the joint probability
distributions cannot be explained by all possible LHV-LHS
models in the form
P (a, b|A,B;W ) =
∑
λ
P (a|A;λ)P (b|B; ρλ)pλ, (1)
where P (a, b|A,B;W ) are joint probabilities for Alice and
Bob’s measurementsA andB, with the results a and b, respec-
tively; pλ and P (a|A;λ) denote some probability distribu-
tions involving the LHV λ, and P (b|B; ρλ) denotes the quan-
tum probability of outcome b given measurement B on the
state ρλ. In other words, the state W will be called steerable
if it does not satisfy all possible LHV-LHS models. Within
this formulation, we propose some steering criteria that are
applicable to bipartite quantum systems.
In one of our preliminary works, we found a nonlinear
steering criterion for two-qubit quantum systems [26], which
can be summarized as the following Lemma.
Lemma 1. If a given two-qubit quantum state is unsteerable
from Alice to Bob (or Bob to Alice), the following inequality
holds:
3∑
i=1
3∑
j=1
〈σi ⊗ σj〉2 ≤ 1, (2)
where σi,j (i, j = 1, 2, 3) are Pauli operators.
Lemma 1 only works for two-qubit quantum systems, so in
this paper , we propose a more general steering criterion for
bipartite arbitrary-dimensional quantum systems
Theorem 1. If a given bipartite quantum state ρAB is un-
steerable from Alice to Bob, the following inequality holds:
tr(ρ2AB) ≤ tr(ρ2B), (3)
where ρB is the reduced density matrix for Bob. A brief proof
of our theorem is specified below.
Proof. For any LHV-LHS model, the joint probabilities of
the outcomes a and b upon the measurements A and B for
the whole system would satisfy Eq.(1). Therefore, for a series
of measurementsAk andBl, the observed correlations should
satisfy
N∑
k=1
N∑
l=1
〈Ak ⊗Bl〉
2
=
N∑
k=1
N∑
l=1

∑
ak,bl
akblP (ak, bl|Ak, Bl; ρAB)


2
≤
∑
λ

pλ N∑
k=1

∑
ak
akP (ak|Ak, λ)


2
N∑
l=1

∑
bl
blP (bl|Bl, ρλ)


2

=
∑
λ
pλ
(
N∑
k=1
〈Ak〉
2
λ
N∑
l=1
〈Bl〉
2
ρλ
)
≤ κC
′
A
∑
λ
pλ
(
N∑
l=1
〈Bl〉
2
ρλ
)
= κC
′
A
N∑
l=1
〈Bl〉
2
, (4)
where 〈Ak〉λ =
∑
ak
akP (ak|Ak, λ), 〈Bl〉ρλ =∑
bl
blP (bl|Bl, ρλ), C ′A = max{λ}
∑N
k=1〈Ak〉2λ and 0 ≤
κ ≤ 1. N is the number of the measurement operators for
each subsystem. The parameter κ is used to adjust the bound
to an appropriate value. The first inequality follows from the
fact p2λ ≤ pλ. The second inequality follows from the defini-
tion of C
′
A. Without loss of generality, we choose an arbitrary
complete sets of local orthogonal observables [27, 28], for ex-
ample
Ak(Bl) =


(|m〉〈n| + |n〉〈m|)/√2, 1 ≤ m < n ≤ d, for 1 ≤ k(l) ≤ d(d− 1)/2,
(−i|m〉〈n|+ i|n〉〈m|)/√2, 1 ≤ m < n ≤ d, for d(d− 1)/2 < k(l) ≤ d(d − 1),
|m〉〈m|, m = 1, ..., d, for d(d − 1) < k(l) ≤ d2,
(5)
where d is the dimension of the Hilbert space of Alice (or
Bob). One has straightforwardly
N∑
k=1
N∑
l=1
〈Ak ⊗ Bl〉2 =
tr(ρ2AB) and
N∑
l=1
〈Bl〉2 = tr(ρ2B). So the inequality in Eq.(4)
reduces to
tr(ρ2AB) ≤ κ′tr(ρ2B). (6)
where κ′ = κC
′
A.
For an arbitrary quantum steering criterion, it is preferable
to be a sufficient and necessary condition to detect pure states
[20–22]. Here in order to obtain the optimal value of the pa-
rameter κ′, we employ the pure states as reference states. As
we know, for any pure separable state ρAB , tr(ρ
2
AB) = 1 and
tr(ρ2B) = 1. κ
′ must satisfy κ′ ≥ 1 due to the fact that all pure
separable states are unsteerable. However, for any pure entan-
3gled state ρAB , tr(ρ
2
AB) = 1 and tr(ρ
2
B) < 1. Meanwhile
κ′ should satisfy κ′ ≤ 1 due to the fact that all pure entangled
states are steerable. So the optimal value of κ′ must be 1. This
gives the proof of the theorem 1.
By this way, we derive the steering criterion for arbitrary bi-
partite quantum systems. Whatever strategies Alice and Bob
choose, a violation of inequality in Eq.(3) would imply steer-
ing.
III. ILLUSTRATIONS OF GENERIC EXAMPLES
In this section, we give some examples of the Theorem 1
applied to some quantum states. By comparing the results
with the existing ones, we show our criterion can verify a
wider range of steerable states. For convenience, we call the
steering criterion purity criterion hereafter.
(i) Werner state. The Werner states have been explored ex-
tensively in theory and experiment [29]. For qubits, they can
be written as
ρW = p|ψ+〉〈ψ+|+ (1− p)I/4, (7)
where |ψ+〉 = (1/√2)(|00〉 + |11〉) is Bell state and I is the
identity, 0 ≤ p ≤ 1. The Werner states are entangled iff
p > 1/3. They are steerable iff p > 1/2 [3]. One can get
from straightforward calculation that tr(ρ2W ) = 3p
2/4 + 1/4
and tr(ρW )
2
B = 1/2. According to the purity criterion, p >√
3/3 indicates successful steering. Our result is in agreement
with the results of Ref. [19–23], which implies the steering
criterion is qualified for witnessing steering .
(ii) Bell diagonal states. Let us consider the Bell diagonal
states shared by Alice and Bob, which can be written as
ρbd =
1
4
(I+
3∑
j=1
cjσj ⊗ σj) (8)
where σj (j = 1, 2, 3) are Pauli operators and |cj | ≤ 1 for
j = 1, 2, 3. One can get from straightforward calculation that
tr(ρ2bd) = (1 +
∑
j c
2
j )/4 and tr(ρbd)
2
B = 1/2. Using the
purity criterion we find that ρbd are steerable if
∑
j c
2
j > 1.
Our criterion performs equivalently well as the local uncer-
tainty relations (LUR) steering criterion [22], which certifies
more steerable states than the linear criterion (LC) [18] and
entropic criterion (EC) [24] (Fig.1).
(iii) Asymmetric entangled state. Consider a asymmetric
noisy singlet state of the form
ρas = p|ψ−〉〈ψ−|+ (1 − p)ρs, (9)
where |ψ−〉 = 1/√2(|01〉 − |10〉) is a Bell state and ρs =
2/3|00〉〈00|+ 1/3|01〉〈01| [30]. The state has been demon-
strated to be entangled for p > 0 by the partial transpose
criterion [31]. Using the local uncertainty relations criterion
one can get that it is steerable for p > 0.536 in one way and
p > 0.582 in the other way [22]. Another method has con-
formed it is steerable for p > 0.639 in one way and p > 0.604
in the other way by entropic uncertainty relations with three
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FIG. 1: The performances of different quantum steering cri-
teria for the Bell diagonal states under the conditions c3 =
−0.3,−0.4,−0.6,−0.8. The area inside the brown solid lines de-
notes Bell diagonal states (BDS). The red solid lines, blue circled
lines, green dashed lines, blue dotted lines are given by the purity
criterion (PC), LUR criterion, linear criterion, entropic criterion, re-
spectively. States in the left side of these lines are steerable. It is
clear that the PC performs equivalently well as the LUR criterion,
which certifies more steerable states than the LC and EC.
mutually unbiased measurements [24]. It violates CHSH-like
steering inequality for p > 0.748 in both ways [32]. Using the
purity criterion one finds that ρas is verified to be steerable for
p > 0.572 in one way and p > 0.645 in the other way. So our
method is more powerful than the one in Ref. [32] but less
powerful than that in Ref. [22].
(iv) Isotropic state. Suppose now that Alice and Bob share
a d× d-dimensional isotropic state as follows:
ρiso = p|ϕd〉〈ϕd|+ (1− p)I/d, (10)
where |ϕd〉 =
∑d
i=1 |ii〉/
√
d are maximally entangled states,
0 ≤ p ≤ 1. The isotropic states are entangled iff p > 1/(d+1)
[33], and steerable iff p > (
∑d
m=1 1/m−1)/(d−1) in theory
[3]. One has straightforwardly tr(ρ2iso) = (d
2 − 1)p2/d2 +
1/d2 and tr(ρiso)
2
B = 1/d. By using the purity criterion, we
can obtain ρiso is steerable when p > 1/
√
d+ 1. In Fig.2,
we plot the area of steerable isotropic states under the LUR
criterion, purity criterion and theoretical criterion. It is obvi-
ous that the purity criterion can verify most of the steerable
isotropic states.
(v) Free entangled mixed state. Let us consider a free en-
tangled state of the form [34]
ρfree = p|φ+〉〈φ+|+ (1− p)σ+, (11)
where |φ+〉 = 1/√3(|00〉 + |11〉 + |22〉), σ+ =
1/3(|01〉〈01| + 12〉〈12| + |20〉〈20|) and 0 < p < 1. One
has straightforwardly tr(ρ2free) = 4p
2/3 − 2p/3 + 1/3 and
tr(ρfree)
2
B = 1/3. According to the purity criterion, we at-
tain that ρfree is steerable when p > 1/2. The result is in
agreement with the result of Ref. [23].
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FIG. 2: The performances of different quantum steering criteria for
the isotropic states. The red solid line, blue circled line, and green
dotted line are given by the purity criterion (PC), LUR criterion, and
theoretical critical bound (TCB), respectively. It is obvious that the
PC performs equivalently well as the LUR criterion, which can verify
most of the steerable isotropic states.
IV. CONCLUSION
Being different from the existing steering criteria, our
method verifies the steering directly from a given density ma-
trix without constructingmeasurement settings, which implies
the steering is an inherent property of a quantum state. Al-
though the detection of steering requires us to chooose appro-
priate measurement settings in practice, the steerability of a
quantum state has nothing to do with the measurement set-
tings. Our criterion has the following advantages: (i) The cri-
terion verifies steering only by comparing the values of the
purities of the composite system and its subsystem, which
is readily computable. (ii)As we know, all steerable states
are certainly entangled, so our criterion can be used to ver-
ify quantum entanglement of arbitrary-dimensional bipartite
quantum states. In Ref. [35], Wu et al. showed that any quan-
tum state that violate the inequality (3) is entangled from the
point of the failure of separable states, which indicates that the
criterion is valid in entanglement verification also. Moreover,
for a given steerable state, the stronger the entanglement is,
the higher the violation of the inequality (3) will be, so our
criterion can also be used to quantify entanglement in some
sense. (iii) The criterion can be tested in experiment due to
the successful realization of the direct measurement of the pu-
rity [25].
In summary, we have derived a computable steering crite-
rion that is applicable to bipartite quantum systems of arbi-
trary dimensions. The criterion can be used to verify a wide
range of steerable states directly from a given density ma-
trix without constructingmeasurement settings, which is more
universal than the previous ones, and it can be tested in experi-
ment. For a give quantum state, the stronger the entanglement
is, the higher the violation of the steering inequality will be,
so our criterion can also be used to verify and quantify entan-
glement in some sense.
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